Abstract. Second order neutral difference equations with "maxima" are considered and some asymptotic properties of nonoscillatory solutions are given.
Introduction
The theory of difference equations is interesting in itself and it seems that it will assume greater importance in the near future. Furthermore, the application of the theory of difference equations is rapidly increasing to various fields such as numerical analysis, control theory, finite mathematics, statistics, economics, biology, and computer science. For the basic theory of difference equations and its application the reader is referred to the books by Kelley and Peterson [1] and Lakshmikantham and Trigiante [2] .
Recently, there have been an increasing interests in studying the delay differential equations with "maxima", see for example, [3] - [7] . However, the corresponding difference equations with "maxima" have not been investigated up to now.
In this paper, we consider the following neutral difference equation
where A denotes the forward difference operator Ax n = x n +\ -x n and k and I are nonnegative integers, {p n } is bounded for n > 1 and {q n } is a nonnegative sequence. A solution {x"} of (1) is said to be oscillatory if the
(1') Suppose that Azn > 0. Since Azn is a nondecreasing function, then limn^+oo zn = +oo. Prom xn > zn, we obtain lim^+oo xn = oo, and then Ci, (4) imply limn-t+oo Azn = +oo. Hence if Azn > 0, then (6) holds.
(2') Let Azn < 0. Prom the fact that Azn is a nondecreasing function, it follows that there exists limn_00 Azn -c < 0. Suppose that c < 0, then Azn < c and lim^oo zn = -oo. Prom (2), it follows that the inequality Zn ^ Pn-En-k ^ Pl%n-k holds and therefore lim^oo xn = +oo. Prom (4) we obtain that lim"_,+00 Azn = +oo. The contradiction obtained shows that limn_>oo Azn = 0. Since Azn < 0, zn is a decreasing function. If zn is nonpositive then the fact that it is decreasing implies that zn < L eventually for some L < 0. The estimate
is true. Thus xn-fc > > 0 for large n, and (4) and C\ imply limn-,+00 Azn = +oo. The contradiction obtained shows that zn > 0 eventually, and the limit limn_00 zn = M > 0 exists. If M > 0, the zn > M for large n. Since xn> zn, (4) and C\ again imply limn^+oo Azn = +oo and we get to a contradiction. Thus lim™-^ zn = 0 and the proof is complete.
Main results

THEOREM 1. Assume that the condition (Ci) holds and there exists P2 such that
Then every nonoscillarory solution {xn} of (1) satisfies limn_»oo \xn \ = oo.
Proof. Let xn < 0. Lemma implies that (8) or (9) is true. Suppose that (8) holds. Then from the equality xn < zn it follows that lim^oo xn = -oo and the assertion of the theorem is proved. Suppose that (9) holds and c = lim supn^^Xn. If c < 0 then xn < c/2 and from (4) we obtain limn_00 Azn = -oo which contradicts the relation limn-KXj Azn = 0 proved in Lemma. Hence c=0, i.e. limsupn_>00xn = 0. There exists a sequence {nj}f such that limi^oo rii = oo, limi_oo xni -0 and
On the other hand, since zn < 0, then
But the inequality x n < z n -fc contradicts with (11). Thus (9) Proof. We shall consider first the case when (12) is satisfied. Let x n > 0 and suppose that x n is a bounded function. Obviously in this case only (7) is realized and thus lim^oo z n = 0. Suppose that c = limsup^^^ x n > 0. Then there exists a sequence such that limj^oo n* = oo and limj_, 00 x ni = c. Choose a constant a such that 1 < a < (If p n = 0 then p could be any constant in (-1,0) ). Then x n < ac for sufficiently large n and we have Zn = Xn + Pn%n-k > X n + p^OLC. Passing to the limit in the inequality z n > x n +p^ac we obtain 0 > c+p^ac = c(l + Pi,a) > 0. The contradiction obtained shows that lim supn^^Xn = 0 and limn-^oo x n = 0. Let us assume that {x n } is an unbounded solution of (1). We shall show that in this case the relation (6) is valid. Suppose that this is not true. Since x n is unbounded, there exists a sequence {rij}^3 such that nj -• oo(j -> oo), limj-too x nj = oo, and max[ niiJlj ] x 3 = x nj . The following estimate is satisfied
The above inequalities and (12) imply that lim^oo z n . = oo which contradicts the relation lim n _ 00 z n = 0. Hence (6) is valid and limn-^ z n = oo. From the inequality x n > z n it follows that lim^oo x n -oo. The case when {x n } is a negative solution of (1) is considered analogously. Now we shall consider the case when (13) is valid. Let x n > 0. From (3), it follows that A 2 z n > 0 and Az n is a nondecreasing function. C\ implies that either Az n > 0 or Az n < 0. Let Az n > 0. Obviously,lim^-x^ z n = oo and z n is an increasing function. Observe that from (2) Hence, the inequality x n +k > (1 -Pi)z n +k is valid. But lim^oo z n -oo, so limn^oo x n = oo. Let Az n < 0. In this case z n is a decreasing positive function. If limn-KX) Az n = c < 0 then lim n _>oo z n = -oo. Therefore lim"_ 00 Az n = 0. Suppose that d = lim n^o o z n > 0 and consider the equality But lirrin-^oo Az n = 0 and limn-xx, (z n+ k -z n ) = 0. Hence from the above equality it follows that for n large enough the inequality -e + (1 -p^)d < x n+ k is valid, where e is an arbitrarily small positive number. From the last inequality and (4) it follows that lim n _>oo Az n = oo. This contradiction shows that lim n _ 00 z n -0. Then (2) implies the relation lim n _ 00 x n = 0 . Proof. Since x n > 0, then A 2 z n > 0 and Az n is a nondecreasing function. Observe that C2 implies that q n is not identically zero eventually. Thus either Az n > 0 or Az n < 0. If Az n > 0 then limn^oo z n = 00, which contradicts with the boundedness of x n . Hence Az n < 0 and z n is a positive decreasing function. Let c = lim^oo z n and suppose that c > 0. Prom (3), it follows that
Then by making use of the definition of q n and of (2) we obtain Since z n is a decreasing function and lim^oo z n = c, then z n > c and the above inequality takes the form
We sum up the last inequality from n\ to n and obtain
Since Az n is a negative nondecreasing function, then Az n is bounded. On the other hand, C5 implies that the right-hand side of (18) tends to infinity as n -• 00. Thus from (18) we obtain that n (19) > q s max x v = 00. Then (19) implies the relation limj^oo Az n = 00. The contradiction obtained shows that c=0, i.e., lim n _»oo z n = 0. But from the inequality x n < z n it follows that lim,!-»^ x n = 0 and the proof is complete. Then every bounded nonoscillatory solution {x n } of (1) satisfies lim n _ >00 x n -0.
Proof. Let x n > 0. As in Theorem 3 it is proved that if {x n } is bounded positive solution of (1) then A 2 z n > 0, Az n < 0 and z n > 0. Suppose that d = lim inf x n > 0. 71-»OO Then x n > d/2. From this inequality and from (4) it follows that lim^oo Az n = 00. The contradiction obtained shows that lim inf n -*oo x n = 0. There exists a sequence {ni}f such that limj-^oo n* = 00 and limi-K» x ni -k -0. Suppose that c = lim^oo z n > 0. Passing to the limit in the equality z ni = x ni + PmXm-k we obtain that lim,_ 00 x ni = c. On the other hand, z ni +k = Xm+k +Pm+kXni > PhXm-
We pass to the limit in the inequality z ni +fc > Vb x n { and obtain c > p$c > c. Hence lim n _ 00 z n = 0. But since x n < z n , then lim Tl _ >00 x n = 0. The case when x n < 0 is considered analogously.
